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Real-space method is presented to calculate dynamic hyperpolarizability of molecules and clusters.
The method is based on the time-dependent density functional theory (TD-DFT). All calculations
are performed on a three-dimensional uniform grid. The method works efficiently for large systems.
Numerical results are shown for water molecule and fullerene. Results agree well with those by other
method for water molecule, while our calculation gives much larger hyperpolarizability for fullerene
than that in the conventional calculation with basis functions.

Key words: TD-DFT, real-space method, hyperpolarizability, nonlinear optics, fullerene

1. INTRODUCTION

There have been much theoretical efforts to ex-
plore materials of technological use with large non-
linear polarizabilities. The nonlinear response of
atomic clusters has been investigated in this re-
spect: For example, the hyperpolarizability of Cgo
has been calculated extensively [1]. A possible en-
hancement of the second harmonic generation is dis-
cussed for metallic clusters deposited on a surface
[2, 3].

As a theoretical tool for the optical response,
the time-dependent density functional theory (TD-
DFT) has been widely used [4]. The dynamic hy-
perpolarizability was first studied in the TD-DFT
for rare-gas atoms by Senatore and Subbaswamy
[5]. The TD-DFT calculation of the hyperpolariz-
ability has been extended to molecules [1, 6]. The
calculations are usually performed with a quantum
chemistry method employing basis functions and re-
quire inclusion of the diffuse basis functions to ob-
tain convergent results. For large molecules, it is
often difficult to reach convergent results.

A real-space method is now widely used in the
first-principle calculations [7]. We have recently de-
veloped a real-time, real-space method to solve the
time-dependent Kohn-Sham (TDKS) equation[8].
The method is quite useful to calculate the linear re-
sponse properties of molecules, clusters, [8, 9] and
bulk {10]. However, the applicability of the real-
time method seems to be limited to the linear re-
sponse. For nonlinear response, instead, we have
developed a real-space method in the response func-
tion formalism where the frequency representation
is used instead of solving the equation in real time
[11]. In this note, we present the framework, numer-
ical method, and applications to some molecules.

2. THEORY
The response function formalism of dynamic
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hyperpolarizability based on the TD-DFT was pre-
sented in Ref.[5] for third harmonic generation. We
generalize the formalism for various nonlinear opti-
cal processes of molecules.

2.1 Definition of hyperpolarizability [12]

The dipole moment induced by an external elec-
tric field with moderate intensity is expressed in a
power series as

p(t) =)+ p MO+ PP W)+, (1)

where p(l)(t) is linear in the field, p(z)(t) is

quadratic -- -, and so on. When we consider a su-

perposition of monochromatic waves as an external
perturbation

E(t) = % Z {Eu,e " +E_y e}, (2)

w; >0

p'™(t) can be written in a similar form

P =2 3 {pe 1 p et} @)

wg >0

where the Cartesian p-component of pgf? is given
by
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xm)l,..an(—w(,;wl, -+, wp) Is called the n-th order

nonlinear polarizability tensor, or (n — 1)-th order
hyperpolarizability tensor. The sum Z{wl,-

wn}

is taken over all distinct sets of {wi, --,wn}.
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K(—wo;wi,-++,wn) is a numerical factor which is
defined as
K(—wa; Wi, e, wn) = 2l+m—np, (5)

where p is the number of distinct permutations of
{wi, -+, wn}, nis the order of nonlinearity, m is the
set of n frequencies {wy,---,wy} are zero. I =1 if
we # 0, otherwise I = 0.

2.2 Time-dependent density functional response
theory (TD-DFRT)

The time evolution of the single-particle den-
sity under the external field (2) is described by the
TDKS equation

“’%wi(r, t) = (hlol(r, t) + v (x,1)) :(x,1), (6)

BT 1) = ST Vign (1)

=+ 82/dl'l ,p(r ) +ch[ ](l‘,t), (7)

r'}

occe.

plr, 1) =Y luu(r, ). (8)

We utilize the norm-conserving pseudopotential [13]
for electron-ion interaction. The static exchange-
correlation potential is used for the response calcu-
lation, which is known as the adiabatic approxima-
tion.

When the external perturbation is sufficiently
small, we can expand the single particle density

p(r,t) as
p(r,t) = o) + oV, ) + oD (r, ) 4. (9)
p(")(r, t) can be expressed as

(n)( 0
=5 2 {4 et} o)

w,>0

o) = }: S K(cwsion, o)
O‘n{wly'wn}
x p(aﬁ.un(rt —worwt, -+, wn) By ay - (Bu, e

(11)

The (» — 1)-th order hyperpolarizability tensor can
be obtained from the n-th order transition density
as

(n)

Xjproy - an(_wa'§ Wi, ,wn)

= —e/ drrupgﬁ).,qn(rl —Woswi, -, wa). (12)

We can show that the transition densities satisfy
the following equation,

pg"l) can (P = Was w1, wh)

= /dr'x(l)(r, r';we)

x/dr"{l I_Z ] + fae(r',x wa)}

n)

X Pa iy (2] = woiwi, -+, wn)

+ B, (13)

where f. is the so-called exchange-correlation ker-
nel. x(l) is the independent particle response func-
tion

X(l)(r, I"; U)a)

oce.

Z {¢:(r)¢,‘(r’)G(+)(r,r'; € + hws)

+67(r)gi(r)G T, v 6 — hwa) }, (14)

where ¢;(r) and ¢; are the static Kohn-Sham or-
bitals and energies, respectively. Single-particle

Green functions are given by

é;(r)¢] (x")
— E —¢; £p’ (15)
3

GH(r,r';B) =

where 7 is a small positive number. The term
5" (r) is a collection of terms which can be writ-
ten in terms of the (n — 1)-th order quantities. For
example, zero-th order is

B (r) = / de'x P (2,1 wo o (r'). (16)

Equation (13) is the basic equation for the n-th
order transition density. It should be noted that the
structure of the equation for the n-th order transi-
tion density is the same as that of the self-consistent
equation in the random-phase approximation. Ex-
plicit expressions of 5(™(r)(n > 1) will be given
elsewhere.

3. NUMERICAL PROCEDURE

The numerical procedure is described in Refs. [9]
and [11]. We briefly discuss some important points
in solving Eq. (13) in the real-space method.

In the finite-difference approximation, Equation
(13) is a linear-algebraic equation for an unknown
vector p(")(i) {(t=1,---, M) where M is the number
of grid points. We solve this equation by an itera-
tive method such as the conjugate-residual method.
We further need to calculate integrals involving
Coulomb potential and Green function. Since the
number of grid points is very large, typically 10*
to 10°, it is not convenient or even impossible to
construct the matrix explicitly and to perform inte-
gration by summing up over grid points. Instead of
integrations, we convert them into equivalent differ-
ential equations and solve them by iterative meth-
ods.
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For the Hartree potential, we solve the Poisson
equation

VAV (r) = —4re? ™ (x), (17)

instead of the integral involving Coulomb potential.
For the integral involving Green function,

URIOE / dr'G (e, BV (r)eu(x'), (18)

we recast it into the Schrodinger equation with
source term. The method here is known as the mod-
ified Sternheimer method [15].

(B = r[p) 9P (x) = ViV ()i (). (19)

This is again a linear algebraic equation with sparse-
symmetric matrix. The equation can be solved
efficiently by, for example, the conjugate-gradient
method.

4. APPLICATIONS
4.1 Water molecule

We apply our method to calculate the hyperpo-
larizabilities of two molecules, water molecule and
Cego. For water molecule, accurate calculations in
the TD-DFT are reported in the literature. Here
we simply aim to check our method by comparison.

We used a geometry specified by R(O-H)=0.957&
and §(HOH)=104.5°. The grid points are generated
by 0.2A mesh. The points inside a spherical box of
7A are used in the calculation. The VWN potential
is utilized{16] for both the potential and the kernel
of exchange-correlation.

In Table L., linear polarizabilities «, first and sec-
ond hyperpolarizabilities 8, ¥ of water molecule are
presented. All theoretical values as well as the mea-
sured values are averaged over orientation.

The agreement between the results of the present
real-space method and those employing basis func-
tions [6] are quite good. Compared with the other
ab initio calculations and measured values, we can
see that the TD-DFT somewhat overestimates the
hyperpolarizability. This is related with the well
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known deficiency of the potential in the local-
density approximation: it does not have a cor-
rect assymptotic behaviour. A gradient correction
method which produces correct asymptotic poten-~
tial has been proposed and is known to remedy the
discrepancy|[6].

4.2 Cgo molecule

We used a geometry specified by R(C-C)=1.45A
and R(C=C)=1.39A. The VWN potential and ker-
nel is used again. Calculations are performed with
grid points inside a box of radius 10A with 0.3 A
mesh. We confirmed that these radius and mesh-
spacing are sufficient to obtain converged results
within a few percent level.

In Table II., linear polarizabilities @ and second
hyperpolarizabilities v of Cgo are presented. For

centro symmetric molecules, the first hyperpolariz-

ability vanishes identically.

In contrast to the case of water molecule, our
real-space calculation gives larger hyperpolarizbil-
ity than that by the basis function calculation [1]
even for the static hyperpolarizability. In the con-
ventional calculation, results are usually sensitive to
the choice of the basis functions. For a molecule of
this size, it would not be easy to reach convergence
in the method employing basis functions [11].

It is difficult at present to make comparison be-
tween the measured and calculated hyperpolariz-
abilities of Cgg. All the measurements are achieved
in solutions or in thin films. In early measurements,
results are reported with discrepancy as large as a
few orders of magnitude [20]. As is found in Ta-
ble II., all the measured values are substantially
larger than the calculated results. In recent mea-
surement, the upper limit of the hyperpolarizability
is reported as v < 220 x 107°¢(esu) [20].

5. SUMMARY

We present a real-space method to calculate dy-
namic hyperpolarizability in the time-dependent
density functional theory. The method is efficient
for large molecules and clusters. In particular,

Table I. hyperpolarizabilities of water molecule ( Units; a(A‘o’), B(10~33esu) , v(10~%Cesu) )

hw (eV) TDLDA® TDLDA® TDHF® CCSD(T)* EXP.
siatic 0 1.56 1.56 1.27 1.45 1.45%
Bstatic 0 -225 -222 -93.3 -156
B(0;w, —w) 1.786 -247 -243 -97.6 -164
B(—2w;w,w) 1.786 -303 -297 -109 -182 -190+£8¢
Ystatic 0 1.60 1.61 0.509 0.907
Y(-w;w, —w,w) 1.786 1.77 0.574 1.01
Y(—2w;w,w,0) 1.786 2.38 2.42 0.612 1.11 1.16+0.060°
Y(—3w;w,w,w) 1.786 4.34 0.763 1.36

“Present Real-Space calculation, ®Basis set calculation[6]
“Time-dependent Hartree-Fock, Coupled-Cluster method[17]

4Ref.[18], *Ref.[19]
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Table 1. hyperpolarizabilities of Cgo ( Units; a(A3), v(10~3%esu) )

hw (eV) TDLDA? TDLDA® RPA° EXP.
Qsatic 0 80.2 82.5 75.3 88.354
Ystatic 0 62.5 440 57.3
Y(~—wiw, ~w,w) 1.165 80.1 60 X Ypenzene®
Y(—2w;w,w,0) 0.65 67.5 4.50x103f
Y(—3w;w,w,w) 0.52 69.5 171425%4

*Present Real-Space calculation, ®Basis set calculation[1], ‘Random-Phase-Approximation[21]
4Thin film[24], *Benzene solution[22] ( our TD-DFT value of benzene is 9.17x1036esu )

fToluene solution[23]

convergence of the result as to the spatial extension
can be conveniently examined by changing box size
and mesh spacing. Our method thus allows us to ob-
tain convergent results of dynamic hyperpolarizabil-
ity of molecules as large as Cgg. For small molecules,
real-space method gives basically the same results
as those in the conventional method employing basis
functions. However, for Cg¢ molecule, our conver-
gent result is found to be larger than that in the
basis function method by 30%.
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